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Abstract In this paper, the velocity-based POD and the
vorticity-based POD have been systematically compared
in three characteristic regions of the flow downstream of a
two-dimensional circular cylinder, namely the near, inter-
mediate and far wakes. The two-point space correlation
function is used to determine which of the two methods is
better suited for extracting the large-scale flow structures
based on the repartition of energy among the different POD
modes. It is found that the POD, based on the lateral veloc-
ity fluctuation v, leads to the most optimum extraction in all
three flow regions, while the vorticity-based POD is only
effective in the near and intermediate wakes. Based on two-
point space correlation functions, a scenario is proposed
for the application of POD to the present two-dimensional
wake.

1 Introduction

Coherent structures (CS), which are commonly regarded as
vortices, turn out to be of paramount importance not only
for understanding turbulence phenomena such as mix-
ing and entrainment, mass and heat transfer, drag, lift and
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aerodynamic noise generation, but also for the viable mod-
eling of turbulence. Therefore, the identification and extrac-
tion of CS in turbulent flows is a necessary first step, which
in turn necessitates an objective and unbiased method of
extraction of the CS in the turbulent flow fields. The proper
orthogonal decomposition (POD) method has become a
well-established tool used for identifying these structures
since it was first introduced by Lumley (1967).

The characteristic feature of the conventional POD is
that it can capture the contribution of the most energetic
structures to the turbulent kinetic energy in the first few
modes. Therefore, if the dynamics of the flow is domi-
nated by a few large flow structures containing most of the
energy, it can often be represented satisfactorily by using
only a few of the first modes of the POD. These modes
will then reflect the energetic structures. This velocity-
based POD has been applied in many turbulent flows, such
as flow around a vibrating cantilever (Kim et al. 2011), a
cavity flow (Murray et al. 2009), the axisymmetric wake
behind a disk (Johansson et al. 2002), the flow past a
backward-facing step (Kostas et al. 2002), the turbulent
jet in crossflow (Meyer et al. 2007), an internal combus-
tion engine flow (Fogleman et al. 2004), a turbulent pla-
nar jet (Gordeyev and Thomas 2000) and a channel flow
(Duggleby et al. 2007). They all indicated that the velocity-
based POD helps in extracting useful information associate
with CS from the complex flow fields.

In the last decade, there has been increasing interest in
applying vorticity-based POD, based on enstrophy consid-
erations, in various turbulent flows. For example, Liberzon
et al. (2005) applied the POD method to the three-dimen-
sional vorticity field of a turbulent channel flow, obtained
from direct numerical simulation (DNS) data. Extraction of
the essential features of the coherent structures is achieved
through a linear combination of the first vorticity-based
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POD modes. Gurka et al. (2006) presented a direct com-
parison of the vorticity-based POD with the velocity-based
POD modes using particle image velocimetry (PIV) in the
streamwise wall-normal plane of a fully developed turbu-
lent boundary layer in a flume. The results showed that an
unambiguous CS emerges only by utilizing the vorticity-
based POD. They inferred that it is due to the fact that
vorticity is Galilean invariant and is linked directly to the
coherent structures. Kostas et al. (2005) performed POD
on both the fluctuating velocity and vorticity fields of a
backward-facing step flow at Reynolds numbers of 580
and 4660, based on step height and freestream velocities.
The data were obtained from PIV measurements. They
observed that the vorticity-based POD captured the fluc-
tuation enstrophy, which is the square of vorticity [see
Eq. (1)], more efficiently than the velocity-based POD.
Hence, they suggested that POD modes obtained from the
vorticity-based decomposition will be more effective in the
study of flow structures. Joshi et al. (2009) and Tabib and
Joshi (2008) further inferred that this is due to the fact that
a higher value of enstrophy indicates the presence of organ-
ized structures, but the same may not be guaranteed from
larger values of the kinetic energy [square of velocity, see

Eq. 2)].

(=0 0i=) o (1)
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where w; and u; are the fluctuating components of vorticity
and velocity, respectively. Although the vorticity-based
POD has been found to be more efficient for extracting
energetically dominant modes than the velocity-based POD
in several flows, the vorticity-based POD performed in the
flow fields inside a street canyon (Kellnerova et al. 2012)
showed that every mode contributes just a little to the total
enstrophy, i.e., no dominant mode emerged. On the con-
trary, the velocity-based POD performed in the same flow
fields exhibited such a high relative contribution in the most
dominant mode (e.g., 30-40 %), showing that the flow is
highly organized. In addition, Feng et al. (2011) applied
both the vorticity-based POD and the velocity-based POD
to the wake of a circular cylinder with synthetic jet control
and showed that the POD results based on streamwise and
vertical velocities are similar to those from the vorticity-
based POD for different vortex shedding regimes. It thus
seems that the type of POD that is better suited for extract-
ing the dominant structures may depend on the particu-
lar flow. One question naturally arises. Is there a criterion
we can use for determining which POD is better suited to
a certain flow field? The present work aims at a full com-
parison between velocity-based POD and vorticity-based
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POD in different regions of a turbulent wake, namely the
near wake dominated by the von Karman vortex street, the
intermediate wake characterized by the gradual disappear-
ance of the von Kdrmdn vortices and the far wake which
is approximately self-preserving, e.g., Townsend (1956).
The results are analyzed with the aim to propose a crite-
rion which can determine which POD is better for extract-
ing information about the most dominant flow structures in
these different regions. The focus is not on the dynamical
significance of the large-scale flow structures (or CS), but
only on their extraction.

In the next section, we introduce the experimental and
numerical details. A short introduction to POD is given in
Sect. 3. The velocity-based POD is compared with the vor-
ticity-based POD in Sect. 4. Conclusions are in Sect. 5.

2 Experimental details

Experiments were conducted in a closed circuit wind tun-
nel with a 5.0-m-long working section (0.8 m x 1.0m). A
circular cylinder of d = 10 mm in diameter was mounted
horizontally across the working section, resulting in an
aspect ratio of 80. Figure 1 shows schematic arrangement
and coordinate axis. The origin of the coordinate system
is defined at the mid span of the cylinder axis, with x and
y along the streamwise and transverse directions, respec-
tively. Experiments were carried out at a freestream veloc-
ity Usx, = 8.7m/s, corresponding to a Reynolds number
Re = Uxod/v = 5800, where v is the kinematic viscos-
ity of fluid. A DANTEC standard PIV system was used to
measure the instantaneous flow field, which was seeded by
smoke, generated from paraffin oil, the averaged particle
size being around 1 pum in diameter. Flow illumination was

Fig. 1 Schematic arrangement and coordinate axis
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provided by a double-pulse laser source with a wavelength
of 532 nm. Particle images were taken using one CCD
camera (double frames, 2560 x 1280 pixels) with a record-
ing frequency of 727 Hz. The view window of the camera
covers the area of x/d = 4-15 and y/d = —3 to 3, which
represents the typical near wake of a cylinder; x/d = 3647
and y/d = —4 to 4, which represents the typical intermedi-
ate wake and the area of x/d = 400-411 and y/d = 6 to 6,
which represents the typical far wake. A total of 2000 PIV
image pairs were obtained for each measurement plane.
The time between images of an image pair was set to be
much smaller than 1/727 Hz. We checked the convergence
of the mean streamwise velocity U and u’ at x/d = 7 and
y/d = 0.9 and found that the statistics of U and u’ are con-
verging with 600 images (not shown). Thus, 2000 image
pairs are deemed to be sufficient for the present POD
analysis.

3 POD

In this section, the POD is presented briefly. The basic idea
of POD, when it is applied to a nonhomogeneous fluctua-
tion field f(x), is to find the linear sum of empirical func-
tions @ (x) which are orthogonal, i.e.,

e, = Ek: ar () P (x), 3)

fix) can be either the fluctuating velocity field or the fluc-
tuating vorticity field. When the fluctuating velocity distri-
butions are used as input (velocity-based POD), the result-
ing POD modes & (x) are an optimal decomposition in
terms of TKE. If the fluctuating vorticity is used as input
(vorticity-based POD), the resulting modes are optimal in
terms of enstrophy. By correctly ordering the input quan-
tities, which are the velocity (# and v) or vorticity (w;) in
two-dimensional flow fields, into a matrix A following the
snapshot method proposed by Sirovich (1987), the problem
simplifies to finding

ATAy = Jv, “4)

where A are the eigenvalues and v the eigenvectors of ATAv;
ATAv is the two-point space correlation tensor in matrix
form given by the products of the fluctuation part of the
vorticities or velocities at different spatial locations. Order-
ing the solutions of Eq. (4) according to the size of the
eigenvalues },", the POD modes can be calculated using

1
@k (x) = fAvk 5
Vi )
where the first few modes are the most energetic modes. Pro-
jecting f{x) onto the POD modes, we can obtain the POD coef-
ficients that express the importance of the different modes

ar(t) = O (Of (x,1). (6)

4 Comparison between velocity-
and vorticity-based PODs

4.1 Near wake

Figure 2 shows the distribution of energy among the POD
modes in the region x/d = 4-15 and y/d = —3 to 3. Here-
after, the velocity-based POD means that both u and v are
used as input [see Eq. (3)] to do the POD analysis, whereas
the u- or v-based POD means that either u or v is used as
input. For both PODs, the first two modes contain about
70 % of the energy, while the remaining energy is shared
mostly between the third and tenth modes; the contribution
of modes beyond the tenth is practically negligible. Thus,
the first two modes, which are associated with large-scale
coherent structures as illustrated in Fig. 3, dominate the
flow field.

It can be seen in Fig. 3 that the first mode of the vorti-
city-based POD exhibits similar spatial features than those
of the second mode. This is in good agreement with the
results of Ma et al. (2000), Dipankar et al. (2007) and Kon-
stantinidis et al. (2007). Similar observations can be made
for velocity-based POD. The average vortex wavelength
Ae = Ucfs (U, is the convection velocity defined as 0.86U«
and f; is the vortex shedding frequency at x/d = 10 (Zhou
et al. 2002; Zhou and Antonia 1992) for both PODs is equal
to 4.2d.

Konstantinidis et al. (2007) showed that a symmetric
distribution of the POD modes with respect to the center-
line reflects the antisymmetric characteristic of the flow
field (with respect to the flow centerline). Consequently,
the first two modes of both PODs, illustrated in Fig. 3, are

—aA— The velocity-based POD
—6— The vorticity-based POD
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Fig. 5 Two-point correlations 3
in near wake field. aR,,. b R.
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where o = u, v or w;; o denotes the root-mean-square value
of @ and r is a displacement vector with its origin at x. Con-
tours of the correlation coefficients R,,,R,, and R, are
shown in Fig. 5. All the coefficient contours present a pattern
of alternate regions of positive and negative values, reflect-
ing the strong organization of von Kirmén vortex street.
This may explain why the first two modes of both PODs can
reflect well the large-scale von Karman vortices.

The above analysis clearly shows that both velocity- and
vorticity-based PODs can identify the large-scale motion,
such as the von Karman vortex street, in the near wake.
In particular, only the first two modes of both PODs are
required to achieve such a task. This is possible because the
correlation coefficients R,;,,R,, and R, capture well the
alternating structures of von Karman vortex street.

Although not done here, one can perform a velocity-
based POD analysis the streamwise velocity u and lateral
velocity v, separately. It can be shown that combining the
u- and v-based POD results leads to the same results as
obtained with the velocity-based POD carried out above.
This is consistent with Feng et al. (2011) who showed that
the POD analysis-based one-velocity component only is
appropriate for investigating the near wake.

4.2 Intermediate wake

In this section, we carry out POD analyses in the intermedi-
ate wake where the coherence of the large-scale structures is
weaker than in the near wake. Accordingly, one can expect
that the energy in this region is spread over a larger number of
modes than in the near wake. This is indeed shown in Fig. 6.

10 12 14
0.12
0.1
—aA— The velocity-based POD
g 0.08 —o6— The vorticity-based POD
&
%
S
s
S
t
=

Mode

Fig. 6 Relative contribution of the individual POD modes in the
intermediate wake

The energy distribution among the modes for the velocity-
based POD differs significantly from that observed in the near
wake. The same is seen for the enstrophy distribution. Also
of interest is that while in the near wake both PODs present
similar distributions, there is a marked difference in the inter-
mediate wake. For example, the first velocity mode contains
about twice the energy of the second mode, while the first and
second vorticity modes have about the same enstrophy, which
is about twice that of the third mode. This difference is also
shown in Fig. 7, which shows the first three modes of both
PODs. Notice the striking difference between the first and
second velocity modes, which reflects the difference in their
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Fig. 7 First three POD modes
in the intermediate wake. Left
velocity-based POD; right
vorticity-based POD
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energy contribution. On the other hand, the second and third
velocity modes are quite similar, as one may expect since
they have similar energy contribution. For the vorticity-based
POD, the first and second modes are similar, again reflecting
similar contributions to the enstrophy. However, they differ
markedly from the third mode which has a smaller enstrophy
contribution. Figure 7 suggests that the von Kdrman vortex
street can be adequately captured by the first and second vor-
ticity modes and to some extend the third mode. These obser-
vations are confirmed by the corresponding power spectra of
the POD coefficients shown in Fig. 8. The first and second
vorticity mode spectra show a clear peak at the Strouhal num-
ber St = 0.21 (St = fd /U, where fis the frequency), which
corresponds to the von Kdrmén vortex shedding frequency
at a Reynolds number of 5800 for a circular cylinder. The
averaged vortex wavelength 1. = U.f;, where U, is 0.92U

@ Springer
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(Zhou et al. 2002), is equal to 4.38d, which is in good agree-
ment with the value of 4.42d shown in the first two modes
of the vorticity-based POD in Fig. 7. The third mode spec-
trum shows a clear peak at St = 0.12. This peak is associ-
ated with a secondary vortex street (Browne et al. 1989). The
small hump for 0.2 < St < 0.3 may be associated with vor-
tex merging.

As hinted by Fig. 6, the velocity-based POD shows some
differences with the vorticity-based POD. For example,
the von Karman vortex street is missed by the first mode
but appears to be captured by the second and third modes.
Also, the secondary vortex street is clearly identified in the
spectra of the second and third velocity modes. Note that
also the peak at St ~ 0.2 which is associated with the von
Kérman vortex street is captured by the second and third
modes. The wavelengths of modes 2 and 3 are about 6.6d
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Fig. 8 Power spectra of the first three POD coefficients in the intermediate wake. a velocity-based POD; b vorticity-based POD

(see Fig. 7, right column). This is 49 % larger than the von
Kérman vortex wavelength (i.e., 4.42d).

The reconstructed velocity and vorticity fields are shown
in Fig. 9; the measured velocity field is also shown. Con-
sistent with the above analysis, the velocity field recon-
structed with the first the three modes of the velocity-based
POD fails to reproduce adequately the large-scale von
Karman vortices. However, the instantaneous velocity field
is sufficiently well reproduced when modes 2—10 are used.
The ability of the vorticity-based POD to capture the vor-
tical nature of the field is well demonstrated by Fig. 9d,
which shows the reconstructed vorticity field using only the
first two modes.

Similarly to the near wake, the two-point space corre-
lation functions may be used to explain why the vorticity-
based POD is more effective than the velocity-based POD
for reflecting the existence of the coherent structures in the
intermediate wake. Contours of the correlation coefficients
R,u, Ry and Ry, are shown in Fig. 10. The w-correlation
contours show alternating regions of positive and negative
coefficients across the flow field. While the v-correlation
contours exhibit a similar pattern, the u-correlation con-
tours do not have similar alternating pattern. The lack of
alternating regions of positive and negative values of R,
is consistent with the failure of the velocity-based POD to
represent adequately the large-scale von Kdrmén vortices.

Summarizing the results in the intermediate wake,
one can state that the vorticity-based POD is capable of

detecting the von Karman vortex street adequately with
the first two modes. On the other hand, the velocity-based
POD is not as effective as the vorticity-based POD for
detecting the von Karmén vortex street mainly because
the u-correlation functions fail to identify the organized
motions in the streamwise direction. It is worth mentioning
that the v-component correlation functions can identify the
organized motion, which suggests that a POD based on the
velocity component v may be used to detecting the coher-
ent motion in the intermediate wake.

4.3 Far wake

In order to further test the relative abilities of velocity- and
vorticity-based PODs for extracting information on the
organized motion when this latter is weak or “hidden” by
the turbulence background, we carry out POD analyses in
the far wake. In this region, the von Kdrman vortex street
has practically disappeared while quasi-organized large
structures (or a secondary vortex street) prevail but are
much weaker than in the near and intermediate wakes. As
an example, a typical instantaneous velocity field is shown
in Fig. 11. We have seen in Sects. 4.1 and 4.2 that the two-
point space correlation functions could be used as a crite-
rion for determining which of the velocity- and vorticity-
based PODs is most appropriate for detecting the large-scale
coherent structures. It is reasonable to assume that this can
be also the case in the far wake. Accordingly, we start by
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Fig. 9 a Typical instantane-

ous intermediate wake velocity
field; b reconstructed velocity
field with 1-3 modes; b recon-
structed velocity field with 2—-10
modes; d reconstructed vorticity
field with the first two modes.
Note that for a—d, mean values
of the velocity and vorticity are
added, and for a—¢, U. = 92U,
at x/d = 40 is removed
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calculating the correlation coefficients of Ry, Ry, and R,
in the far wake before performing any POD analysis. These
coefficients are shown in Fig. 12. The correlation coeffi-
cient R, presents altering elliptical shape contours similar
to those observed in the intermediate wake reflecting the
organization of the secondary vortex street. In contrast to
R,,, both R, and R, have no identifiable pattern, indicat-
ing that the PODs based on the u and @ cannot detect the
secondary vortex street. This is confirmed in the power
spectra of the coefficients of the first and second modes
shown in Fig. 13. According to Antonia and Browne (1987),
the ratio of the velocity wake half-width L and A is equal

: ‘ : : : ‘ - to about 0.23 in the far wake. None of the spectra of the
400 402 404 406 408 410 412 first modes of the velocity- (Fig. 13a) and vorticity-based
xld PODs (Fig. 13b) shows a clear peak around that value.
Only the spectra of the coefficients for the first two modes

Fig. 11 Typical instantaneous far wake velocity field. U, = 97U at of the v-based POD exhibit such peaks at fL/U, = 0.24.
x/d = 400 is removed ¢

Fig. 12 Two-point correlation
contours in the far wake. aR,,. b
Ruu € Ry

wd

6
400 402 404 406 408 410 400 402 404 406 408 410
x/d x/d

wd

6
400 402 404 406 408 410
x/d
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Fig. 13 Power spectra of the first two POD coefficients. a Velocity-
based POD; b vorticity-based POD; ¢ v-based POD. Black curve
present data; red curve hot-wire on the flow centerline at x/d = 240
(Ry = 1400, Lefeuvre et al. 2014); the vertical line corresponds to
0.24, which is close to 0.23 (the ratio of the velocity wake half-width
L and A¢) reported by Antonia and Browne (1987). Each spectrum has
been divided by its maximum value

Also shown in Fig. 13c is the spectrum of v, measured by
hot-wire on the flow centerline at x/d = 240 (R; = 1400).
This velocity spectrum presents a peak at the frequency,
fL/U. = 0.24. Clearly, one may argue that the first two
modes of the v-based POD can detect the organized motions
well; at least it is more effective than the u- and w-based
PODs. The relative contribution of the individual POD
modes are shown in Fig. 14 (the magnitude of the contri-
bution for vorticity-based POD has been multiplied by 10).
The contribution of the first u-based POD contains about
18 % of the energy. The contributions of the other modes
decreases rapidly. The first and second v-based POD modes
contain about 12.5 and 12 % of the energy. The contribu-
tions of the other modes is smaller and decrease rapidly too.
There appears to be no dominant mode in the w-based POD
and the contribution of the individual modes decreases less
rapidly than in the other two POD types.

The average wavelength of the secondary vortex street

is given by
097U

_ Ve 090 _ 16.7d 8)
fe fe

which is in good agreement with the value of about 17d

observed in the first mode of the v-based POD shown in

Fig. 15. Antonia and Browne (1987) also measured the

wavelength A. to be 20d at x/d ~ 420 (see also Bisset et al.

1990) which is comparable to the present value of 17d at

e
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Fig. 14 Relative contribution of the individual POD modes, as a per-
centage of the total energy in the far wake. Note that the values for
the vorticity-based POD has been multiplied by 10

400 402 404 406 408 410
x/d

Fig. 15 First mode of the v-based POD in the far wake

x/d =~ 405. These comparisons further confirm that the
v-based POD can capture the organization of the flow suc-
cessfully in the far wake.

Hayakawa and Hussain (1989) showed that the organ-
ized structure in the nominally two-dimensional wake
exhibits significant three dimensionality even in the near
wake. It is reasonable to assume that this three dimension-
ality becomes more pronounced as x/d increases from the
near wake to far wake. However, as pointed by Antonia
et al. (1987), there is a reasonable similarity between the
two-dimensional vector plots and flow visualization, which
showed the three-dimensional nature of the flow in the far
wake.
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5 Conclusions

The fluctuating velocity- and fluctuating vorticity-based
PODs are systematically compared in the near, interme-
diate and far wakes of a circular cylinder, respectively.
The results show that the two-point space correlation
functions could be used as a criterion for determining
which POD (either velocity- or vorticity-based) is bet-
ter suited for extracting the organized motion in a flow
field effectively. It is found that the POD based on the
lateral velocity fluctuation v leads to the most optimum
extraction in all three flow regions, while the vorticity-
based POD is only effective in the near and intermediate
wakes.

Based on two-point space correlation functions, a sce-
nario is also proposed for the application of POD to the
present two-dimensional wake:

(a) If all the correlation coefficients R, R,, and R, can
identify the coherent motions, both velocity- and vor-
ticity-based PODs can be used to detect the coherent
structures.

(b) If one of the correlation coefficients fails to identify
the coherent motions, say, for example, R,,, but R,
and R, can identify the coherent motions, it is prefer-
able to use the vorticity-based POD in order to detect
the coherent structures. Note, however, that here the
v-based POD can still extract the coherent motions in
one direction.

(c) If both Ry, and R, fail to identify any coherent pat-
tern, but only Ry, can identify do so, we can then still
extract the coherent structures using the v-based POD
in one direction. These results should be of interest
when the detection of weak coherent structures in the
presence a background noise is to be carried out using
a POD method. In such a case, our results suggest that
it is best to base the POD on the v-component of the
velocity.
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